We continue our program on classification of holomorphic vertex operator algebras of central charge 24. In this article, we show that there exists a unique strongly regular holomorphic VOA of central charge 24, up to isomorphism, if its weight one Lie algebra has the type C 4,10 , . As a consequence, we have verified that the isomorphism class of a strongly regular holomorphic vertex operator algebra of central charge 24 is determined by its weight one Lie algebra structure if the weight one subspace is nonzero.
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Introduction
The classification of (strongly regular) holomorphic vertex operator algebras (VOAs) of central charge 24 is one of the important problems in VOA theory. In 1993, Schellekens [Sc93] obtained a list of 71 possible Lie algebra structures for the weight one subspace of a holomorphic VOA of central charge 24. It is also believed that the isomorphism class of a holomorphic VOA of central charge 24 is uniquely determined by its weight one Lie algebra structure. Recently, there has been much progress towards the classification. First, Schellekens' list was verified mathematically in [EMS18+] . In addition, the orbifold construction associated with an automorphism of arbitrary finite order has been established in [EMS18+] . Using the orbifold construction, it has been verified that all the 71 Lie algebras in Schellekens' list can be realized as weight one Lie algebras of some holomorphic VOAs of central charge 24 [DGM96, EMS18+, FLM88, La11, LL, LS12, LS16a, LS16b, Mi13, SS16]. There has been also progress towards the uniqueness part; in [LS1] , we proposed a method, which we call "Reverse orbifold construction", for proving the uniqueness part. The main idea is to "reverse" the original orbifold construction and to try to prove the uniqueness of certain VOAs by studying the conjugacy classes of some automorphisms. This technique turns out to be quite promising; indeed, many cases has been proved by this method [EMS, KLL18, LL, LS1, LS2] . Up to now, the uniqueness for 64 cases have been established: 24 cases in [DM04a] , 2 cases in [LS16a] , 3 cases in [LS1] , 3 cases in [LL] , 13 cases in [KLL18] , 14 cases in [EMS] and 5 cases in [LS2] . The weight one Lie algebras of the remaining 7 cases have the type C 4,10 , D 7,3 A 3,1 G 2,1 , A 5,6 C 2,3 A 1,2 , A 3,1 C 7,2 , D 5,4 C 3,2 A 2 1,1 , E 6,4 C 2,1 A 2,1 , and {0}.
In this article, we establish the uniqueness for the remaining 6 cases above except for the {0} case. The main theorem is as follows:
Main Theorem 1 (see Theorem 8.1). Up to isomorphism, there exists a unique strongly regular holomorphic VOA of central charge 24 if its weight one Lie algebra has the type C 4,10 , D 7,3 A 3,1 G 2,1 , A 5,6 C 2,3 A 1,2 , A 3,1 C 7,2 , D 5,4 C 3,2 A 2 1,1 , or E 6,4 C 2,1 A 2,1 .
As a consequence, we have established that the isomorphism class of a strongly regular holomorphic VOA of central charge 24 is determined by its weight one Lie algebra if the weight one subspace is nonzero. Remark that the remaining case is a famous conjecture in VOA theory [FLM88] , namely, a strongly regular holomorphic VOA of central charge 24 with trivial weight one subspace is isomorphic to Frenkel-Lepowsky-Meurman's Moonshine VOA. Unfortunately, the technique used in this article cannot be applied to this case since the VOA has no inner automorphisms if the weight one subspace is zero. Now let us explain the method proposed in [LS1] . Let g be a Lie algebra and p its subalgebra. Let n be a positive integer. We consider the following hypotheses:
(i) For any holomorphic VOA V of central charge c with V 1 ∼ = g, there exists an order n automorphism σ of V such that V σ ∼ = W and V σ 1 ∼ = p, where W is another holomorphic VOA of central charge c whose structure is known. (ii) Any order n automorphism ϕ of W belongs to a unique conjugacy class if (W ϕ ) 1 ∼ = p and ( W ϕ ) 1 ∼ = g.
Under the above hypotheses, it was shown in [LS1] that any holomorphic VOA V of central charge c is isomorphic to W ϕ if V 1 ∼ = g. In particular, the holomorphic VOA structure of central charge c is unique if its weight one Lie algebra is isomorphic to g. Therefore, the main strategy is to find σ and W such that (i) and (ii) hold. For (i), it is actually quite easy to find an inner automorphism σ ∈ Aut (V ) such that V σ 1 ∼ = p and V σ ∼ = W and there are usually several different choices for σ and W . The difficult part is to show (ii), i.e., any automorphism of W satisfying the conditions (W ϕ ) 1 ∼ = p and ( W ϕ ) 1 ∼ = g belongs to a unique conjugacy class. Note that in [EMS, KLL18, LS1, LS2] , W is chosen to be a lattice VOA, whose automorphism group is well-studied ( [DN99] ). In this article, we will show (ii) for some non-lattice type VOAs W and n = 2.
For this purpose, we first use the theory of Kac about the classification of finite automorphisms of (finite-dimensional) simple Lie algebras [Ka90, Chapter 8] (cf. [He78] ). Indeed, it is quite straightforward to show that ϕ 1 | W 1 is conjugate to ϕ 2 | W 1 by an inner automorphism in Aut (W 1 ) as Lie algebra automorphisms for our cases if ϕ 1 and ϕ 2 are involutions and (W ϕ 1 ) 1 ∼ = (W ϕ 2 ) 1 (cf. Lemma 2.10 and [EMS, Lemma 7.4] ). It means that there is an inner automorphism x of W such that ϕ 1 xϕ −1 2 x −1 acts trivially on W 1 . Therefore, the main step is to determine the subgroup of Aut (W ) which acts trivially on W 1 . We call such a subgroup of Aut (W ) the inertia group of W and denote it by I(W ). In Section 6, we determine the inertia groups for four holomorphic VOAs of central charge 24 as follows:
Main Theorem 2 (cf. Theorems 6.11, 6.18, 6.25, 6.29 ). Let W be a holomorphic VOA of central charge 24 such that the weight one Lie algebra W 1 has the type E 6,3 G 3 2,1 , A 2 4,5 , C 5,3 G 2,2 A 1,1 , or A 7,4 A 3 1,1 . Then
if W 1 = E 6,3 G 3 2,1 or A 2 4,5 , σ (0,0,Λ 1 ) ∼ = Z 2 if W 1 = C 5,3 G 2,2 A 1,1 , σ (0,Λ 1 ,0,0) , σ (0,0,Λ 1 ,0) , σ (0,0,0,Λ 1 ) ∼ = Z 3
where Λ 1 denotes the fundamental weight of a root system of type A 1 .
Let U be the subVOA generated by W 1 . Then any element in I(W ) induces a U-module isomorphism on W and thus it essentially acts as scalars on irreducible submodules for U. Therefore, the decomposition of W as a U-module is useful for determining I(W ); indeed, we (partially) describe them by using the representation theory of the simple affine VOAs [FZ92] and the theory of mirror extensions [DJX14, Lin17, OS14, Xu09] . In addition, we also use the representation theory of the simple current extension ([La01, SY03, Ya04]), quantum dimensions ( [DJX13] ) and the fact that W is a simple current extension of W g for any finite order automorphism g of W [ADJR] to discuss the possible action of elements of I(W ). For calculating the fusion rules and quantum dimensions for simple affine VOAs, we use the computer package "Kac" [Kac] . It turns out that the group I(W ) is equal to the set of inner automorphisms σ λ (= exp(−2π √ −1λ (0) )), where λ range over coweights of W 1 , for the cases that we considered. Note that this is also true for holomorphic lattice VOAs of central charge 24 ([LS1]); however, we do not know if this is true in general.
Thanks to Main Theorem 2, we show that the order 2 automorphisms are uniquely determined up to conjugation by the fixed point Lie algebras of their weight one spaces for the cases that we considered, and the conformal weights and certain (Lie) weight structures of the corresponding twisted modules (cf. Lemmas 6.14, 6.20, 6.26, 6.31, 6.33, 6.35). Therefore, we can also establish (ii) for all our cases.
The organization of this article is as follows: in Section 2, we review some basic facts about VOAs and affine Lie algebras. In Section 3, we study certain simple current extensions of some simple affine VOAs. The results will be used in Section 6 for computing the inertia groups. In Section 4, we recall the orbifold construction established in [EMS18+, Mö16] and the method of "reverse orbifold" from [LS1] . In Section 5, we review the notion of quantum dimension [DJX13] and the theory of mirror extension from [DJX14, Lin17, Xu09] . In Section 6, we determine explicitly the inertia groups of some holomorphic VOAs of central charge 24. We also show that certain automorphisms of holomorphic VOAs are uniquely determined, up to conjugation, by the fixed point subalgebras of their weight one Lie algebras and some information of the corresponding twisted modules. In Section 7 and 8, we will prove our main theorem and show that there exists a unique strongly regular holomorphic VOA of central charge 24, up to isomorphism, if its weight one Lie algebra has the type C 4,10 , D 7,3 A 3,1 G 2,1 , A 5,6 C 2,3 A 1,2 , A 3,1 C 7,2 , D 5,4 C 3,2 A 2 1,1 , or E 6,4 C 2,1 A 2,1 .
Notations (·|·)
the normalized Killing form so that (α|α) = 2 for any long root α. ·|· the normalized symmetric invariant bilinear form on a VOA V so that 1|1 = −1, equivalently, a|b 1 = a (1) b for a, b ∈ V 1 . [i 1 , . . . , i ℓ ] the weight ℓ j=1 i j Λ j or the associated module for the simple affine VOA. α i a simple root of an irreducible root system; here we adopt the labeling of [Hu72, Section 11.4]
the fundamental weight with respect to the simple root α i L(g) the subVOA generated by a Lie subalgebra g of the weight one space of a VOA.
L(V 1 ) the subVOA generated by the weight one space V 1 of a VOA V .
L g (k, 0) the simple affine VOA associated with a simple Lie algebra g at level k.
L g (k, λ) the irreducible L g (k, 0)-module with the highest weight λ.
L Xn (k, 0) the simple current extension of L Xn (k, 0) described in Section 3.
the quantum dimension of a V -module (see Section 5.1).
U (1) a 1-dimensional abelian Lie algebra.
V σ the set of fixed points of an automorphism σ of a VOA V .
V (σ) the irreducible σ-twisted module for a holomorphic VOA V .
V σ the VOA obtained by the orbifold construction associated with V and σ.
X n,k (the type of) a simple Lie algebra whose type is X n and level is k.
Preliminary
In this section, we will review some fundamental results about VOAs.
2.1. Vertex operator algebras and weight one Lie algebras. Throughout this article, all VOAs are defined over the field C of complex numbers.
A vertex operator algebra (VOA) (V, Y, 1, ω) is a Z-graded vector space V = m∈Z V m over the complex field C equipped with a linear map
the vacuum vector 1 ∈ V 0 and the conformal vector ω ∈ V 2 satisfying certain axioms ( [Bo86, FLM88] ). For a ∈ V and i ∈ Z, we call the operator a (i) the i-th mode of a. Note that the operators L(m) = ω (m+1) , m ∈ Z, satisfy the Virasoro relation:
where c ∈ C is called the central charge of V , and L(0) acts by the multiplication of a scalar m on V m .
The group of all (VOA) automorphisms of V will be denoted by Aut (V ). A vertex operator subalgebra (or a subVOA) is a graded subspace of V which has a structure of a VOA such that the operations and its grading agree with the restriction of those of V and they share the vacuum vector. In addition, if they also share the conformal vector, the subVOA is said to be full. For an automorphism g of a VOA V , let V g denote the fixed point set of g, which is a full subVOA of V .
satisfying a number of conditions ([FHL93, DLM00]). Here the C-grading is given by the L(0)-action. Note that an (untwisted) V -module is a 1-twisted V -module and that a g-twisted V -module is an (untwisted) V g -module. For v ∈ M k , the conformal weight of v is k. If M is irreducible, then there exists w ∈ C such that M = m∈(1/n)Z ≥0 M w+m and M w = 0. The number w is called the conformal weight of M.
A VOA is said to be rational if the admissible module category is semisimple. A rational VOA is said to be holomorphic if it itself is the only irreducible module up to isomorphism.
, and is C 2 -cofinite if the codimension in V of the subspace spanned by the vectors of form u (−2) v, u, v ∈ V , is finite. A V -module is said to be self-contragredient if it is isomorphic to its contragredient module. A VOA is said to be strongly regular if it is rational, C 2 -cofinite, self-contragredient and of CFT-type. Note that a strongly regular VOA is simple.
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Theorem 2.1. Let V 0 be a strongly regular VOA of CFT-type such that the conformal weight of any irreducible V 0 -module is positive except for V 0 itself. Let V be a simple VOA such that V contains V 0 and they share the conformal vector. Then V is also strongly regular.
Proof. By [ABD04, Proposition 5.2], V is C 2 -cofinite. In addition, by [HKL15, Theorems 3.5 and 3.6], V is rational and self-contragredient.
Proposition 2.2 ([ACKL17, Lemma 2.1]). Let V be a simple VOA of CFT-type and U a simple rational subVOA. Then the commutant Com V (U) is simple.
. This conjugation naturally induces an action of Aut (V ) on the set of all isomorphism classes of irreducible V -modules. Note that this action preserves the fusion rules and characters.
We now assume that V is of CFT-type. Then, the weight one subspace V 1 has a Lie algebra structure via the 0-th mode. Moreover, the n-th modes v (n) , v ∈ V 1 , n ∈ Z, define an affine representation of the Lie algebra V 1 on V . For a simple Lie subalgebra s of V 1 , the level of s is defined to be the scalar by which the canonical central element acts on V as the affine representation. When the type of the root system of s is X n and the level of s is k, we denote by X n,k the type of s. For an element a ∈ V 1 , exp(a (0) ) is an automorphism of V , called an inner automorphism of V .
In addition, we assume that V is self-contragredient. Then there exists a symmetric invariant bilinear form ·|· on V , which is unique up to scalar ([Li94]). We normalize it so that 1|1 = −1. Then for a, b ∈ V 1 , we have a|b 1 = a (1) b.
Assume also that V 1 is semisimple. Let H be a (fixed) Cartan subalgebra of V 1 . Let (·|·) be the Killing form on V 1 . We identify the dual H * with H via (·|·) and normalize (·|·) so that (α|α) = 2 for any long root α ∈ H. Weights are defined via (·|·), that is, a vector v ∈ V has weight λ(∈ H) if x (0) v = (x|λ)v for all x ∈ H. Remark that for u ∈ H, σ u acts on a vector with the weight λ as the scalar multiple by exp(−2π √ −1(u|λ)). Then V 1 is isomorphic to one of 69 semisimple Lie algebras in [Sc93] , and the subVOA generated by V 1 is full. In addition, for any simple ideal of V 1 at level k, the identity
holds, where h ∨ is the dual Coxeter number of the simple ideal.
2.2. ∆-operator, simple affine VOAs and twisted modules. In this subsection, we recall the construction of certain twisted modules given by Li [Li96] . We also recall the conformal weight of such a twisted module over a simple affine VOA from [LS16a] . Let V be a VOA of CFT-type. Let u ∈ V 1 such that u (0) acts semisimply on V . Suppose that there exists a positive integer n ∈ Z >0 such that the spectra of u (0) on V belong to (1/n)Z. Then σ u = exp(−2π √ −1u (0) ) is an automorphism of V with σ n u = 1. Let ∆(u, z) be the ∆-operator defined in [Li96] , i.e., 
For a σ-twisted V -module M and a ∈ V , we denote by a (u) (i) the operator which corresponds to the coefficient of
For an element x ∈ V 1 , the 0-th mode of x on M (u) is given by
(0) = x (0) + u|x id, and the (conformal) weight operator, i.e., the 1-st mode of ω, on M (u) is given by
For a simple Lie algebra g and a positive integer k, let L g (k, 0) be the simple affine VOA associated with g at level k ([FZ92]). When the type of g is X n , it is also denoted by L Xn (k, 0). Fix a Cartan subalgebra of g and its simple roots. A dominant integral weight λ of g has level k if (λ|θ) ≤ k for the highest weight θ of g. Then the set of all inequivalent irreducible L g (k, 0)-module is given by L g (k, λ), where λ ranges over dominant integral weights of level k ([FZ92]). The following lemma is immediate from Proposition 2.4 and (2.1).
Lemma 2.8. Let g be a simple Lie algebra and k ∈ Z >0 . Let v be a weight vector in L g (k, λ) of weight µ. Then v is also a weight vector in L g (k, λ) (u) and its weight is µ + ku.
The conformal weight of the σ u -twisted module L g (k, λ) (u) is discussed in [LS16a, Lemma 3.6] for a simple Lie algebra g. One can easily generalize it for a semisimple Lie algebra. Lemma 2.9. (cf. [LS16a, Lemma 3.6]) Let g be a semisimple Lie algebra and g = t i=1 g i be the sum of simple ideals. Let k i be a positive integer and let λ i be a dominant integral weight of g i of level k. Let u be an element in the Cartan subalgebra of g such that (u|α) ≥ −1 for any root α of g and let
where ℓ is the conformal weight of t i=1 L g i (k i , λ i ) and Π(λ i ) is the set of all weights of the irreducible g i -module with the highest weight λ i .
The following lemma is a consequence of the results in [Ka90, Section 8]. We give a proof for completeness.
Lemma 2.10. Let g be a (finite-dimensional) simple Lie algebra whose type is not D 2n , (n ≥ 2), and let Inn (g) be the inner automorphism group of g. Then the conjugacy class of an involution in Inn (g) is uniquely determined by the isomorphism class of the fixed point set.
Proof. The conjugacy classes of finite order automorphisms of g in Aut (g) are completely described in [Ka90, Section 8] . In particular, the assertion holds if we replace Inn (g) by Aut (g) (cf. [Ka90, Exercise 8.10]). Hence if Inn (g) = Aut (g), namely, the type of g is neither A n (n ≥ 2), D n (n ≥ 4), nor E 6 , then there is nothing to prove.
Assume that the type of g is A n (n ≥ 2), D 2n+1 (n ≥ 2) or E 6 . Let τ be the order 2 standard diagram automorphism of g. Letτ be the restriction to the (fixed) Cartan subalgebra. Note that Aut (g) = Inn (g) : τ .
Let g ∈ Inn (g) of order 2. It is enough to prove that the conjugacy class of g in Inn (g) is equal to that of g in Aut (g). Let v ∈ P/2 such that g is conjugate to σ v in Aut (g), where P is the weight lattice of g. It follows from |Aut (g) : Inn (g)| = 2 that g is conjugate to σ v or στ (v) in Inn (g). By the assumption on the type of g, the Weyl group contains −τ . Hence στ (v) is conjugate to σ −v by an element of Inn (g). It follows from σ 2v = id on g that σ v = σ −v on g. Thus, g is conjugate to σ v by an element of Inn (g), and we obtain this lemma.
Representation theory of simple current extensions
In this section, we recall the notion of simple current modules and simple current extensions. We also summarize the list of irreducible modules for some simple current extensions of simple affine VOAs based on the results in [La01, SY03, Ya04] .
Throughout this article, we adopt the labeling of simple roots α i of an irreducible root system as in [Hu72, Section 11.4] and use Λ i to denote the fundamental weight with respect to α i .
3.1. Simple current extensions and induced modules. First, we review a classification of irreducible modules of simple current extensions from [La01, SY03, Ya04] .
Let V 0 be a strongly regular VOA. An irreducible V 0 -module M is called a simple current module if the fusion product M ⊠ V 0 N is an irreducible module for any irreducible V 0 -module N. Let D be a finite abelian group and let {V α | α ∈ D} be a set of
In addition, if all the V α are simple current modules, then V is called a D-graded simple current extension of V 0 . Note that the VOA structure of V is unique up to isomorphism ([DM04b, Proposition 5.3]) and that if the conformal weight of V α is positive for any α ∈ D \ {0}, then a simple current extension α∈D V α of V 0 is also strongly regular (cf. [LY08] ).
Let V be a D-graded simple current extension of V 0 . Let M be an irreducible V -module and W an irreducible V 0 -submodule of M. By the definition of the fusion product, the irreducibility of M and the rationality of
and it is not necessarily irreducible.
Let us explain the structures of the induced V -modules. Let W be an irreducible
Now, we assume that D is cyclic. Clearly, D W is also cyclic. Then the projective representation Q is 1-dimensional, and X ∼ = W as V 0 -modules. Note that the multiplicity of W in the induced module
Hence we may view (D W ) * as a subgroup of Aut (V D W ). The following lemma is immediate from [La01, Theorem 3.7].
Lemma 3.1. The subgroup (D W ) * acts on the set of isomorphism classes of irreducible V D W -submodules of V D W ⊠ V 0 W via the conjugation, and this action is regular.
By the argument as in Section 3 of [Ya04] , g = 1 if and only if the differences of conformal weights of irreducible V 0 -submodules of V ⊠ V 0 N are in Z. Therefore, one can find all irreducible V -modules by using the fusion products, or the fusion rules, of V 0 . In the following subsections, we summarize the list of irreducible modules of simple current extensions of (the tensor product of) some simple affine VOAs graded by a cyclic group; these extension VOAs will be realized as some subVOAs of certain holomorphic VOAs of central charge 24 in the later sections. We also note that the fusion rules of simple affine VOAs and the irreducible modules for their simple current extensions can be computed by the computer package "Kac" [Kac] .
3.2. Extension of L E 6 (3, 0). LetL E 6 (3, 0) = L E 6 (3, 0) ⊕ L E 6 (3, 3Λ 1 ) ⊕ L E 6 (3, 3Λ 6 ) be a Z 3 -graded simple current extension of L E 6 (3, 0) [Li01, Proposition 3.8 and Corollary 3.21] (cf. [DLM96] ). By the argument in Section 3.1, we obtain the following lemma:
Lemma 3.2. The VOAL E 6 (3, 0) has exactly 8 inequivalent irreducible modules and they are given as in Table 2 . Table 2 . Irreducible modules forL E 6 (3, 0)
Module
As an L E 6 (3, 0)-module Conformal weight . By the argument in Section 3.1, we obtain the following lemma:
Lemma 3.3. The VOAL A 4 (5, 0) has exactly 10 inequivalent irreducible modules and they are given as in Table 3 
In addition, all irreducibleL A 4 (5, 0)-modules are self-contragredient.
By using [Kac] , one can also determine the quantum dimensions (see Section 5.1 below) of irreducibleL A 4 (5, 0)-modules, which are also listed in Table 3 . 
. By the argument in Section 3.1, we obtain the following lemma:
Lemma 3.4. The VOAL(C 5,3 A 1,1 ) has exactly 28 inequivalent irreducible modules. Among them, 2 have integral conformal weights at least 2; they are as follows:
In fact, both have conformal weight 2.
Extension of L
Proposition 3.8 and Corollary 3.21] (cf. [DLM96] ). Note that the VOA L A 7 (4, 0) has exactly 8 inequivalent simple current modules L A 7 (4, 0) and L A 7 (4, 4Λ i ), (i = 1, 2, . . . , 7) and that among them, L A 7 (4, 0) and L A 7 (4, 4Λ 2j ), (j = 1, 2, 3) have integral conformal weights. By the argument in Section 3.1, we obtain the following lemma:
Lemma 3.5. The VOAL A 7 (4, 0) has exactly 32 inequivalent irreducible modules. Among them, 2 have integral conformal weights at least 2; they are as follows:
Z 2 -orbifold construction and the uniqueness of a holomorphic VOA
In this section, we will review the Z 2 -orbifold construction associated with a holomorphic VOA and an automorphism of order 2 from [EMS18+, Mö16] and a method for proving the uniqueness of a holomorphic VOA by the weight one Lie algebra structure from [LS1] .
Let V be a strongly regular holomorphic VOA and g ∈ Aut (V ) of order 2. Let V (g) be the unique irreducible g-twisted V -module (cf. [DLM00, Theorem 1.2]). Then there exists a linear automorphism φ 1 (g) of V (g) such that φ 1 (g) 2 = id and for all v ∈ V and i ∈ Z,
Note that φ 1 (g) is unique up to a multiplication of ±1. Set φ 0 (g) = g and V (g 0 ) = V . For 0 ≤ j, k ≤ 1, denote
Let V g be the fixed point subspace of g, which is a full subVOA of V . Note that W (0,0) = V g and all W (j,k) 's are inequivalent irreducible V g -modules (cf. [MT04, Theorem 2]). It was also shown recently in [CM, Mi15] that V g is strongly regular. Moreover, any irreducible V g -module is a submodule of V [g i ] for some i; there exist exactly 4 inequivalent irreducible V g -modules (see [DRX17, Theorem 3.3]) and they are represented by {W (j,k) | 0 ≤ j, k ≤ 1}. By calculating the S-matrix of V g , it was proved in [EMS18+, Mö16] that all irreducible V g -modules W (j,k) are simple current modules. It implies that the set of isomorphism classes of irreducible V g -modules, denoted by R(V g ), forms an abelian group of order 4 under the fusion product. We often identify an element in
Under the assumption (I) the conformal weight of V (g) belongs to (1/2)Z >0 , it has been proved in [EMS18+, Mö16] that the abelian group R(V g ) is isomorphic to
has a strongly regular holomorphic VOA structure as a Z 2 -graded simple current extension of V g .
This construction of V g is called the Z 2 -orbifold construction associated with V and g. Note that V g is uniquely determined by V and g, up to isomorphism, and that V ∼ = W (0,0) ⊕ W (0,1) as V g -modules.
The following dimension formula has been mentioned in [Mo94] and proved in [Mö16] .
Theorem 4.2. Let V be a strongly regular holomorphic VOA of central charge 24 and g ∈ Aut (V ) of order 2 satisfying Condition (I). Then the following equation holds:
In order to prove the uniqueness of a holomorphic VOA equipped with a given weight one Lie algebra, we use the the following theorem in [LS1]:
Theorem 4.3. Let g be a Lie algebra and p a subalgebra of g. Let n ∈ Z >0 and let W be a strongly regular holomorphic VOA of central charge c. Assume that for any strongly regular holomorphic VOA V of central charge c whose weight one Lie algebra is g, there exists an order n automorphism σ of V such that the following conditions hold:
In addition, we assume that any order n automorphism ϕ of W satisfying condition (I) and the conditions (A) and (B) below belongs to a unique conjugacy class in Aut (W ):
Then any strongly regular holomorphic VOA of central charge c with weight one Lie algebra g is isomorphic to W ϕ . In particular, such a holomorphic VOA is unique up to isomorphism.
Quantum dimensions and mirror extensions
In this section, we review the notion of quantum dimensions from [DJX13] and the theory of mirror extensions from [Lin17] (see also [DJX14, Xu09] ). The results will be used in Section 6 for determining the inertia groups of certain holomorphic VOAs of central charge 24.
The following notion of the quantum dimension is introduced by Dong et al. [DJX13] .
where y is a positive real number. Now, we assume that V is strongly regular. It is proved in [Zh96] and [DLM00] that for any irreducible V -module M, the character ch M(q) converges to a holomorphic function on the domain |q| < 1. We also assume that the conformal weight of any irreducible Vmodule is positive, except for V itself. Then V is g-rational for any finite automorphism g of V ( [ADJR] ). The following fundamental properties of the quantum dimension are established in [DJX13, Remark 3.5, Propositions 4.9 and 4.17, Lemma 4.14].
Then the following hold:
Combining [DJX13, Theorem 6.3] and Propositions 5.2 (1), we obtain the following:
By the definition of the quantum dimension and Propositions 5.2 (1) and 5.3, we obtain the following lemma:
Mirror extensions.
Let V be a strongly regular VOA and let V 1 be strongly regular subVOA of V such that the commutant V 2 = Com V (V 1 ) is also strongly regular and
is the multiplicity and we identify an element of I i with its representative. For {i, j} = {1, 2}, set
The fundamental properties on this decomposition are studied in [Lin17] (see also [KM15] and [DJX13] ).
Proposition 5.5.
(1) For any M 1 ∈ J 1 , there exists a unique M 2 ∈ J 2 such that m M 1 ,M 2 = 0; we denote this bijection by ψ :
Then M ∈K ψ(M) also has a simple VOA structure as an extension of V 2 .
Proof.
(1) follows from [Lin17, Theorem 3.1].
(2) has been proved in [Lin17, Theorem 3.5]. The quantum dimensions are determined by the S-matrix (see [DJX13] ). Hence they are also determined by the fusion rules, and (3) follows from (1). (4) follows from [KM15, Theorem 2].
Embedding of L
In this subsection, we apply Proposition 5.5 to the embedding L A 7 (4, 0) ⊗ L A 3 (8, 0) ⊂ L A 31 (1, 0). Note that L A 7 (4, 0) and L A 3 (8, 0) are commutants of each other, and they are strongly regular. By Proposition 5.5, we obtain
as L A 3 (8, 0)-modules, where Π 0 is the subset of Π consisting of the weights in Table  4 ; we use the notation [i 1 i 2 . . . i ℓ ] to denote the weight ℓ j=1 i j Λ j . Note that all the multiplicities are one in the decomposition (5.3).
In [OS14, Theorem 4.1] (cf. [Xu09] ), the map ψ is explicitly described in more general setting: Table 4 . Throughout this section, we also adopt the labeling of simple roots α i of an irreducible root system as in [Hu72, Section 11.4].
6.1. Definition of the inertia group. Let V be a VOA of CFT-type. We first define the inertia group of a VOA.
Assume that V is strongly regular and that V 1 is semisimple. For a subalgebra a of V 1 , let L(a) denote the subVOA of V generated by a. Let V 1 = g 1 ⊕ · · · ⊕ g r be the decomposition of V 1 as a direct sum of simple ideals. Then by Proposition 2.5, we have
where k i is the (positive integral) level of the corresponding affine representation of g i for 1 ≤ i ≤ r. We often denote g i by its type X n,k if the type is X n and the level is k. We also assume L Proof. Since M has multiplicity one in V , g induces an L(V 1 )-module isomorphism from M to M. Hence, by Schur's lemma, we have the desired conclusion.
Remark 6.3. For a simple current L(V 1 )-submodule W of V , by the same argument as in [DMZ94, Proposition 5.1 (2)], the multiplicity of W in V is one. Hence, g| W = λ · id W for some n-th root of unity λ, where n is the smallest positive integer such that W
The inertia groups of the Niemeier lattice VOAs are determined in [LS1] as follows: Proposition 6.4. Let N be a Niemeier lattice and let Q be the root sublattice of N.
Remark 6.5. In general, if V is a D-graded simple current extension of L(V 1 ), then I(V ) = D * , the set of all linear characters of D.
In the following subsections, we will compute the inertia groups for some explicit examples of holomorphic VOAs of central charge 24 (see Main Theorem 2 in Introduction for a summary). The results will be used to show the following theorem: Theorem 6.7. Let V be a strongly regular holomorphic VOA of central charge 24 and let g ∈ Aut (V ) be of order 2. Assume that the types of V 1 and V g 1 are given as in one of the rows of Table 5 . Then the conjugacy class of g is uniquely determined by V g 1 , conformal weight of V (g) and the additional data given in the same row of Table 5 . Table 5 : Uniqueness of some order 2 automorphisms.
Weight one Lie algebra of type E 6,3 G 3 2,1 . Let V be a strongly regular holomorphic VOA of central charge 24 such that V 1 has the type E 6,3 G 3 2,1 . It was proved in [LS1] that V is isomorphic to the holomorphic VOA constructed by Miyamoto [Mi13] .
Let V 1 = 4 i=1 g i be the direct sum of simple ideals g i , where g 1 and g i (i = 2, 3, 4) are simple ideals of type E 6,3 and G 2,1 , respectively. Set g 234 = 4 i=2 g i .
Lemma 6.8. The commutant Com V (L(g 234 )) is isomorphic toL E 6 (3, 0), the Z 3 -graded simple current extension of L E 6 (3, 0) described in Section 3.2. In addition, we have Com V (Com V (L(g 234 ))) = L(g 234 ).
Proof. Recall that there are exactly 20 inequivalent irreducible L E 6 (3, 0)-modules. One can check directly that only three of them, L E 6 (3, 0), L E 6 (3, 3Λ 1 ) and L E 6 (3, 3Λ 6 ), have integral conformal weights. Note that they are simple current modules and form a cyclic group of order 3 under the fusion product. By Proposition 2.2, Com V (L(g 234 )) is simple. Hence, we have Com V (L(g 234 )) ∼ = L E 6 (3, 0) orL E 6 (3, 0). The subVOA L(g 234 ) has exactly 8 inequivalent irreducible modules and itself is the only one with integral conformal weight. Hence Com V (Com V (L(g 234 ))) = L(g 234 ). By Proposition 5.5 (1) and (4), the commutant Com V (L(g 234 )) also has exactly 8 irreducible modules. Hence Com V (L(g 234 )) ∼ =L E 6 (3, 0). By the lemma above, we now identify Com V (L(g 234 )) withL E 6 (3, 0). Note that L(g 234 ) ∼ = L G 2 (1, 0) ⊗3 . Lemma 6.9. As aL E 6 (3, 0) ⊗ L G 2 (1, 0) ⊗3 -module, the VOA V decomposes as
for some {s 1 , s 2 , s 3 } = {t 1 , t 2 , t 3 } = {0, 1, 2}, up to permutations on the latter three tensor components, where ξ is an order 3 cyclic permutation on the latter three tensor components.
Proof. Recall that L G 2 (1, 0) has exactly two inequivalent irreducible modules L G 2 (1, 0) and L G 2 (1, Λ 1 ) and they have conformal weights 0 and 2/5, respectively. Hence by Table 2 , all irreducibleL E 6 (3, 0) ⊗L G 2 (1, 0) ⊗3 -modules with integral conformal weights are given as in Table 6 , up to permutation on the latter 3 copies of L G 2 (1, 0). By (5.2) and Proposition 5.5 (4), we obtain this lemma. Lemma 6.10. Any element of I(V ) acts onL E 6 (3, 0)(= Com V (L(g 234 ))) as the identity.
Proof. Since g stabilizes L(g 234 ), it also stabilizes the commutantL E 6 (3, 0). It follows from g ∈ I(V ) that g acts trivially on the subVOA L E 6 (3, 0) ofL E 6 (3, 0). SinceL E 6 (3, 0) is a simple current extension of L E 6 (3, 0) graded by D ∼ = Z 3 , the restriction of g tõ L E 6 (3, 0) belongs to D * . By Lemma 3.1, the action of D * on {L E 6 (3, Λ 4 ) j | j = 0, 1, 2} by conjugation is regular. Note that the restriction of g to L(g 234 ) is the identity and it stabilizes any irreducible L(g 234 )-module by the conjugation.
Suppose, for a contradiction, that the restriction of g toL E 6 (3, 0) is not the identity. Then g does not preserves the decomposition of V intoL E 6 (3, 0) ⊗ L(g 234 )-modules (see Lemma 6.9), which contradicts Lemma 2.3; indeed, the g-conjugation ofL E 6 (3,
for some x = s 1 , which does not appear in the decomposition in Lemma 6.9. Hence we obtain the result.
Theorem 6.11. Let V be a strongly regular holomorphic VOA of central charge 24 such that V 1 has the type E 6,3 G 3 2,1 . Then I(V ) = 1.
Proof. By Lemma 6.8, we identify Com V (L(g 234 )) withL E 6 (3, 0). Set U =L E 6 (3, 0) ⊗ L(g 234 ). Let g ∈ I(V ) and let M be an irreducible U-submodule of V such that M = U. 
By Lemma 6.9, the multiplicity of M is one. Then g| U = id by Lemma 6.10, and g acts as a scalar λ M ∈ C × on M (see Lemma 6.2). Recall the following fusion product of L G 2 (1, 0):
which shows that any irreducible L(g 234 )-module is self-contragredient. By Proposition 5.5 (1), any irreducibleL E 6 (3, 0)-module is also self-contragredient. Hence M is selfcontragredient, and λ M ∈ {±1}. Suppose, for a contradiction, that λ M = −1. By the fusion product above, U ⊕ M is a subVOA of V . Since both U and M are self-contragredient, the restriction of the invariant form of V to U ⊕ M is non-degenerate. Hence U ⊕ M is simple. Since the conformal weight of M is at least 2, we have (U ⊕ M) 1 = U 1 . Since U is strongly regular, so is U ⊕ M by Theorem 2.1. By λ M = −1, the restriction of g to U ⊕ M has order 2 and M is the −1-eigenspace. By Proposition 5.3, M must be a simple current module, which is a contradiction; indeed, M has a non-simple current module L G 2 (1, Λ 1 ) as a component of the tensor product. Thus λ M = 1 for all irreducible U-submodules M of V , and g is the identity on V .
Remark 6.12. For any coweight λ of V 1 , we have σ λ = id V on V . Indeed, the weights of E 6 in the decomposition (6.9) (cf. Table 2 ) are all in the root lattice of E 6 , and for G 2 ,
The following lemma is obtained from the explicit construction of V from the lattice VOA associated with the Niemeier lattice N(E 4 6 ) in [Mi13] .
Lemma 6.13. There exists an automorphism of V which acts on the three simple ideals of V 1 of type G 2 as an order 3 permutation and acts trivially on the simple ideal of type E 6 .
Proof. Let τ be an order 3 automorphism of V N (E 4 6 ) so that the orbifold construction associated with V N (E 4 6 ) and τ gives V ; it can be realized as τ = ϕ · σ Λ 4 /3 , where ϕ is an order 3 lift of an order 3 isometry ϕ 0 of N(E 4 6 ) which acts on three root lattices of type 21 E 6 as an order 3 permutation and Λ 4 is the fundamental weight for the remaining root lattice of type E 6 (cf. [LS1] ). Note that the Lie subalgebra (V τ N (E 4 6 ) ) 1 has type E 6,3 A 3 2,1 . Let f ∈ Aut (V N (E 4 6 ) ) be a lift of an isometry of N(E 4 6 ) which acts trivially on the three root lattices of type E 6 permuted by ϕ 0 and acts on the remaining one by a diagram automorphism of order 3 of the extended Dynkin diagram of type E 6 ; in addition, we may choose f so that f commutes with τ . Then f preserves V τ N (E 4 6 ) . Letf denote the restriction of f to V τ N (E 4 6 ) . Thenf acts on the three simple ideals of type A 3 2,1 as an order 3 permutation and acts trivially on the simple ideal of type E 6 . Note that V τ N (E 4 6 ) has exactly 5 inequivalent irreducible modules with integral conformal weights; three of them are eigenspaces of τ in V N (E 4 6 ) and the other two are subspaces of irreducible τ i -twisted V N (E 4 6 ) -modules. Sincef preserves the set of three eigenspaces of τ by conjugation, it also preserves the set of the other two. Note that (Ṽ N (E 4 6 ) ) τ is a simple current extension of V τ N (E 4 6 ) . Hence by [Sh04, Theorem 3.3],f can be extended to an automorphismf of V ( ∼ = (Ṽ N (E 4 6 ) ) τ ). Since every simple ideal of type A 2 of (V τ N (E 4 6 ) ) 1 is contained in a simple ideal of type G 2 of V 1 ,f satisfies the desired conditions. Lemma 6.14. The conjugacy class of an order 2 automorphism g of
Proof. Letḡ be the restriction of g to V 1 . Since the Lie ranks of V 1 and V g 1 are the same, g is inner and it preserves every simple ideal of V 1 . By the type of V g 1 (cf. [Ka90, Section 8]), theḡ-fixed points of the simple ideals of type E 6 , G 2 , G 2 , G 2 have the type D 5 U(1), A 2 1 , A 2 1 , G 2 , respectively. By Lemma 6.13, we may specify the simple ideal of type G 2 on which g acts trivially, up to conjugation by an element in Aut (V ). Hence, by Lemma 2.10,ḡ is unique up to conjugation by an element in Aut (V ).
Let g ′ ∈ Aut (V ) such that V g ′ 1 ∼ = V g 1 . Then there exists x ∈ Aut (V ) such that g ′ |V 1 = (xgx −1 ) |V 1 by the argument above. Clearly g ′ xgx −1 = id on V 1 , that is, g ′ xgx −1 ∈ I(V ). Since I(V ) = 1 by Theorem 6.11, we have g ′ = xgx −1 . Thus we obtain the desired result.
6.3. Weight one Lie algebra of type A 2 4,5 . Let V be a strongly regular holomorphic VOA of central charge 24 such that V 1 has the type A 2 4,5 . Recall that such a VOA has been constructed in [EMS18+] and the uniqueness has also been achieved in [EMS] (see [LS2] for an alternative construction and an alternative proof for uniqueness).
Let V 1 = g 1 ⊕ g 2 be the decomposition into the direct sum of simple ideals of type A 4,5 . Let L(g 1 ) be the subVOA generated by g 1 . Then L(g 1 ) ∼ = L A 4 (5, 0), and the commutant Com V (L(g 1 )) contains the subVOA L(g 2 )( ∼ = L A 4 (5, 0)) generated by g 2 . Lemma 6.15. For i = 1, 2, the commutant Com V (L(g i )) is isomorphic to the Z 5 -graded simple current extensionL A 4 (5, 0) of L A 4 (5, 0) described in Section 3.3.
Proof. It is enough to discuss the case i = 1. By the explicit construction of V from the lattice VOA associated with the Niemeier lattice with root lattice A 6 4 in [EMS18+] , one can directly check that Com V (L(g 1 )) contains irreducible L(g 2 )-submodules isomorphic to L A 4 (5, 5Λ i ), i = 1, 2, 3, 4 (see also [EMS, Case 11 in Lemma 6.4]) and their products are non-zero. Since these are simple current modules and closed under the fusion products, Com V (L(g 1 )) contains a simple subVOA isomorphic toL A 4 (5, 0)(= L A 4 (5, 0) ⊕ 4 i=1 L A 4 (5, 5Λ i )). By Table 3 , there are no irreducibleL A 4 (5, 0)-modules with integral conformal weights at least 2, and hence Com V (L(g 1 )) is isomorphic toL A 4 (5, 0).
Let U = Com V (L(g 2 )) ⊗ Com V (L(g 1 )). By the lemma above, U ∼ =L A 4 (5, 0) ⊗2 . Note that U is a Z 2 5 -graded simple current extension of L A 4 (5, 0) ⊗2 ; we denote by D the abelian group Z 2 5 associated with the grading. Then the dual D * ( ∼ = D) of D is naturally embedded to Aut (U). Lemma 6.16. As a module of U, the VOA V decomposes as
for some {i k | k = 0, 1, 2, 3, 4} = {j k | k = 0, 1, 2, 3, 4} = {0, 1, 2, 3, 4}.
Proof. We note that the conformal weights of all irreducibleL A 4 (5, 0)-modules are summarized in Table 3 . It follows from V 1 = U 1 that the conformal weight of any irreducible U-submodule is an integer at least 2 except for U itself. By Proposition 5.5 (1) and (4), every irreducibleL A 4 (5, 0)-module appears in the first and second component of the tensor product once. Hence we obtain the desired decomposition for some i k and j k . Lemma 6.17. Any element of I(V ) acts on U as the identity.
Proof. The proof is similar to that of Lemma 6.10. Let g ∈ I(V ). By U = Com V (L(g 2 )) ⊗ Com V (L(g 1 )), we have g(U) = U and g |U ∈ D * . Since U is a simple current extension of L(V 1 ) graded by D ∼ = Z 2 5 , by Lemma 3.1 (see also Table 3) , the conjugation by D * ⊂ Aut (V ) on the set of isomorphism classes of irreducibleL(A 4,5 ) ⊗2 -modulesL A 4 (5, Λ 1 + Λ 2 + Λ 3 + Λ 4 ) i ⊗L A 4 (5, Λ 1 + Λ 2 + Λ 3 + Λ 4 ) j , 0 ≤ i, j ≤ 4, is regular. If g |U is not the identity, then V • g ∼ = V as U-modules by Lemma 6.16, which contradicts Lemma 2.3. Theorem 6.18. Let V be a strongly regular holomorphic VOA of central charge 24 such that V 1 has the type A 2 4,5 . Then I(V ) = 1.
Proof. Let g ∈ I(V ). By Lemma 6.17 g| U = id U . By Lemmas 6.2 and 6.16, g acts as a scalar on every irreducible U-submodule of V . Since all of them are self-contragredient modules (see Lemma 3.3), these scalars are ±1. Set T = Com V (L(g 2 )) and T c = Com V (L(g 1 )). Then U = T ⊗ T c . By Theorem 2.1, both T and T c are strongly regular. Let S T and S T c be the set of all inequivalent irreducible T -and T c -modules, respectively. By Proposition 5.5 (1) and (4), there exists a bijection ϕ : S T → S T c such that as T ⊗ T c -modules,
, then the −1-eigenspace is a simple current module of V g by Proposition 5.3. By Proposition 5.2 (1) and Lemma 5.4, we have the following equality
Here we use the fact that qdim T M = qdim T c ϕ(M) (see Proposition 5.5 (3)). However, there are no partition S T = S + T ∪ S − T satisfying the equation above; indeed, by Table 3 , Remark 6.19. Since the dominant integral weights for A 4 in Table 3 are roots, we have σ λ = id on V for any (co)weight λ of V 1 .
By using the lemma above, we obtain the following:
Lemma 6.20. The conjugacy class of an order 2 automorphism g of V is unique if V g 1 is a semisimple Lie algebra of type C 2 2 .
Proof. Letḡ be the restriction of g to V 1 . Thenḡ preserves every simple ideal of type A 4 ; otherwise Vḡ 1 has the type A 4 . Hence both theḡ-fixed points of the simple ideals have the type C 2 . Note that the restriction ofḡ to every simple ideal is not inner. By [Ka90, Exercise 8.10] (see also [EMS, Lemma 7 .4]),ḡ is unique up to conjugation by an inner automorphism of V 1 . By Theorem 6.18, we have I(V ) = 1, and one can apply the same argument as in Lemma 6.14, and we obtain the desired result. 6.4. Weight one Lie algebra of type C 5,3 G 2,2 A 1,1 . Let V be a strongly regular holomorphic VOA of central charge 24 such that V 1 has the type C 5,3 G 2,2 A 1,1 . Such a VOA has been constructed in [LS16a, EMS18+] and the uniqueness has been proved in [EMS] .
Let g 1 , g 2 and g 3 be simple ideals of g of type C 5,3 , G 2,2 and A 1,1 , respectively. Set g 23 = g 2 ⊕ g 3 . Then V 1 = g 1 ⊕ g 2 ⊕ g 3 and Com V (L(g 23 )) contains L(g 1 ) ∼ = L C 5 (3, 0). By Theorem 2.1 and Proposition 2.2, Com V (L(g 23 )) is strongly regular. Notice that L C 5 (3, 0) has exactly 3 inequivalent irreducible modules whose conformal weights are integers at least 2, namely,
and that these 3 modules are not simple current modules. Therefore,
as L C 5 (3, 0)-modules, where m 1 , m 2 , m 3 are multiplicities.
Lemma 6.21. We have m 3 = 0.
Proof. Suppose, for a contradiction, that m 3 = 0. By computing the fusion rules, the multiplicities of L C 5 (3, 0), L C 5 (3, 2Λ 4 ), L C 5 (3, 3Λ 2 ) and L C 5 (3, Λ 2 + 2Λ 5 ) are zero in the both fusion products L C 5 (3, 2Λ 4 ) ⊠ L C 5 (3, Λ 2 + 2Λ 5 ) and L C 5 (3, 3Λ 2 ) ⊠ L C 5 (3, Λ 2 + 2Λ 5 ).
Hence m 1 = m 2 = 0; otherwise, Y (u, z)v = 0 for all u ∈ m 1 L C 5 (3, 2Λ 4 ) ⊕m 2 L C 5 (3, 3Λ 2 ) and v ∈ L C 5 (3, Λ 2 + 2Λ 5 ), which contradicts that Com V (L(g 23 )) is simple (see [DL93, Proposition 11.9]). Moreover, the multiplicity of L C 5 (3, Λ 2 + 2Λ 5 ) is zero in the fusion product L C 5 (3, Λ 2 + 2Λ 5 ) ⊠ L C 5 (3, Λ 2 + 2Λ 5 ).
Hence the linear map that acts as 1 on L C 5 (3, 0) and −1 on m 3 L C 5 (3, Λ 2 + 2Λ 5 ) defines an order 2 automorphism of Com V (L(g 23 )). It implies that m 3 L C 5 (3, Λ 2 + 2Λ 5 ) is a simple current module for L C 5 (3, 0) (see Proposition 5.3), which is a contradiction. Hence, m 3 = 0.
By using computer, it is easy to verify that L(V 1 )( ∼ = L C 5 (3, 0) ⊗ L G 2 (2, 0) ⊗ L A 1 (1, 0)) has 27 inequivalent irreducible modules which have integral conformal weights at least 2; they are given as in Table 7 .
Decompose V as an L(V 1 )-module:
where the multiplicities m λ 1 ,λ 2 ,λ 3 are non-negative integers and (λ 1 , λ 2 , λ 3 ) are the highest weights listed as in Table 7 . Table 7 . Irreducible modules for L C 5 (3, 0) ⊗ L G 2 (2, 0) ⊗ L A 1 (1, 0) with integral conformal weight at least 2
Let H be a Cartan subalgebra of V 1 . For any finite dimensional V 1 -submodule M of V , M can be decomposed as a sum of weight spaces for H. Let Π(M) ⊂ H * be the set of weights of M. For any positive integer j and z ∈ H, define
where m µ is the multiplicity of µ in M. In [EMS18+] , the following formula is proved:
Let z = (0, 0, α 1 ) and (0, α 2 , 0), where α 1 is a root of A 1 and α 2 is a long root of G 2 . Then we have two linear equations on m λ 1 ,λ 2 ,λ 3 ∈ Z ≥0 for (λ 1 , λ 2 , λ 3 ) in column 2 of Table 7 . In addition, we have dim V 2 = 196884. By using computer, the system of linear equations can be solved as follows: Lemma 6.22. Let (λ 1 , λ 2 , λ 3 ) be a weight listed in column 2 of Table 7 . Then the multiplicity m λ 1 ,λ 2 ,λ 3 is given as follows:
Combining Lemmas 6.21 and 6.22, we obtain the following: Lemma 6.23. The VOA Com V (L(g 23 )) has the decomposition
as a module for L(g 1 )( ∼ = L C 5 (3, 0)).
Next, let us consider the commutant Com V (L(g 2 )). Set g 13 = g 1 ⊕ g 3 . Then L(g 13 ) is a full subVOA of Com V (L(g 2 )). Note that L(g 13 ) = L(C 5,3 A 1,1 ) ∼ = L C 5 (3, 0) ⊗ L A 1 (1, 0). Lemma 6.24. (1) The VOA Com V (L(g 2 )) containsL(C 5,3 A 1,1 ) as a full subVOA, wherẽ L(C 5,3 A 1,1 ) is the Z 2 -graded simple current extension of L(C 5,3 A 1,1 ) discussed in Section 3.4. In addition, asL(C 5,3 A 1,1 )-modules,
where the irreducibleL(C 5,3 A 1,1 )-modulesL(C 5,3 A 1,1 )[λ, 0] are described in Lemma 3.4.
(2) For g ∈ I(V ), the restriction of g to Com V (L(g 2 )) belongs to σ (0,Λ 1 ) , where Λ 1 is the fundamental weight of g 3 (of type A 1 ).
Proof. Set U = Com V (L(g 2 )). By Lemma 6.21, m (Λ 2 +2Λ 5 ,0,0) = 0. By Lemma 6.22, we also have the multiplicities m 2Λ 4 ,0,0 = m 3Λ 2 ,0,0 = m (2Λ 1 +Λ 5 ,0,Λ 1 ) = 1. By Table 7 , as a module for L(g 13 )( ∼ = L C 5 (3, 0) ⊗ L A 1 (1, 0) ),
Notice that σ = σ (0,0,Λ 1 ) = exp(2π √ −1(0, 0, Λ 1 ) (0) ) associated with the fundamental weight (0, 0, Λ 1 ) of A 1 defines an automorphism of order 2 on U. The fixed point set U + with respect to σ is given by
and the −1-eigenspace U − is given by
By Lemma 5.4, we have
Recall the following fusion products for the simple current module [3Λ 5 , Λ 1 ]: Thus by (6.2), (6.3) and (6.4), we obtain
Since [3Λ 5 , Λ 1 ] is a simple current module but [3Λ 2 , 0] is not for L(g 13 ), we have m 3Λ 5 ,0,Λ 1 ∈ {0, 1} and qdim L(g 13 ) [3Λ 2 , 0] > 1. Thus we obtain m 3Λ 5 ,0,Λ 1 = m 3Λ 3 ,0,Λ 1 = 1. Since [3Λ 5 , Λ 1 ] is self-contragredient and U is simple, the invariant form on [3Λ 5 , Λ 1 ] is nondegenerate. Hence the Z 2 -graded extension [0, 0] ⊕ [3Λ 5 , Λ 1 ] is simple, and it is isomorphic toL(C 5,3 A 1,1 ). By Lemma 3.4 and the multiplicities above, we obtain (1). By using "Kac", we obtain
By Lemma 3.4 and Proposition 5.5 (3), we obtain the following quantum dimensions for irreducibleL(C 5,3 A 1,1 )-modules:
Let g ∈ I(V ). Then g stabilizes L(g 2 ) and so does U = Com V (L(g 2 )). Let U 0 be the sub-VOA of U isomorphic toL(C 5,3 A 1,1 ). Since U 0 is a simple current extension of L(C 5,3 A 1,1 ) graded by D ∼ = Z 2 , we have g |U 0 ∈ D * = σ (0,Λ 1 ) . By replacing g by gσ −1 (0,Λ 1 ) if necessary, we may assume that g |U 0 is the identity. Then by (6.1), g acts on each irreducible U 0 -submodule of U as a scalar. SinceL(C 5,3 A 1,1 )[2Λ 4 , 0] andL(C 5,3 A 1,1 )[3Λ 2 , 0] are selfcontragredient, the scalars are ±1. Suppose, for a contradiction, that the restriction g |U of g to U is not the identity. Then by Proposition 5.3, the fixed point subspace and the −1-eigenspace of g |U has the same quantum dimension over U 0 , which is impossible by (6.5). Hence g |U is the identity and we obtain (2).
Recall that the affine VOA L(g 2 )( ∼ = L G 2 (2, 0)) has exactly 4 inequivalent irreducible modules, namely, L G 2 (2, 0), L G 2 (2, Λ 1 ), L G 2 (2, 2Λ 1 ), and L G 2 (2, Λ 2 ).
Let a = qdim L G 2 (2,0) L G 2 (2, Λ 1 ), b = qdim L G 2 (2,0) L G 2 (2, 2Λ 1 ) and c = qdim L G 2 (2,0) L G 2 (2, Λ 2 ). Then by Proposition 5.2 (2) and their fusion rules, we have Let M(Λ) = Hom L G 2 (2,0) (V, L G 2 (2, Λ)) for Λ = 0, Λ 1 , 2Λ 1 , Λ 2 . Then M(0) = Com V (L(g 2 )) and M(Λ), Λ = 0, Λ 1 , 2Λ 1 , Λ 2 , are irreducible M(0)-modules. As a module for M(0) ⊗ L G 2 (2, 0), the holomorphic VOA V decomposes as
Theorem 6.25.
Proof. Clearly σ (0,0,Λ 1 ) ⊂ I(V ). Let g ∈ I(V ). By Lemma 6.24 (2), g| M (0) = σ i (0,0,Λ 1 ) | M (0) for some i = 0, 1. Hence we may assume that g = id on M(0) by replacing g by gσ (0,0,Λ 1 ) if necessary. Then g = id on M(0) ⊗ L G 2 (2, 0), and g acts on each irreducible M(0) ⊗ L G 2 (2, 0)-submodule of V as a scalar. Since all the irreducible M(0) ⊗ L G 2 (2, 0)submodules of V are self-contragredient, the scalar must be ±1. If g = id on V , then by Lemma 5.4, the fixed point subspace and the −1-eigenspace of g have the same quantum dimension over M(0) ⊗ L G 2 (2, 0). However, by (6.6) and (6.7), one can easily verify that it has no solutions. Hence, g = id on V if g| M (0) = id M (0) . Thus we have g ∈ σ (0,0,Λ 1 ) as desired.
Lemma 6.26. The conjugacy class of an order 2 automorphism g of V is unique if V g 1 is a Lie algebra of type A 4 A 2 1 U(1) 2 .
Proof. Letḡ be the restriction of g to V 1 . Since the Lie ranks of V 1 and Vḡ 1 are the same,ḡ is inner and it preserves every simple ideal of V 1 . By the type of V g 1 (cf. [Ka90, Section 8]), theḡ-fixed points of the simple ideals of type C 5 , G 2 and A 1 have the type A 4 U(1), A 2 1 , U(1), respectively. By Lemma 2.10,ḡ is unique up to conjugation by an inner automorphism of V 1 ; we may assume thatḡ = σ (1/2)(Λ 5 ,Λ 1 ,Λ 1 ) at the beginning of the proof. Since I(V ) = σ (0,0,Λ 1 ) by Theorem 6.25, we have g = σ (1/2)(Λ 5 ,Λ 1 ,Λ 1 ) or g = σ (1/2)(Λ 5 ,Λ 1 ,−Λ 1 ) . Clearly, on a root system of type A 1 , the weights Λ 1 and −Λ 1 are conjugate by an element of the Weyl group. Hence σ (1/2)(Λ 5 ,Λ 1 ,Λ 1 ) and σ (1/2)(Λ 5 ,Λ 1 ,−Λ 1 ) are conjugate by an inner automorphism of V . Thus we obtain the desired result. 6.5. Weight one Lie algebra of type A 7,4 A 3 1,1 . Let V be a strongly regular holomorphic VOA of central charge 24 such that V 1 has the type A 7,4 A 3 1,1 . Recall that such a holomorphic VOA has been constructed in [La11] and that the uniqueness has also been established in [LS2] . Let V 1 = 4 i=1 g i be the sum of simple ideals, where g 1 and g i (2 ≤ i ≤ 4) has the type A 7,4 and A 1,1 , respectively. Set g 234 = 4 i=2 g i . Now, we recall an alternative construction from [Xu09, Section 3.1.2] by using mirror extension; a holomorphic conformal net associated with SU(8) 4 × SU(2) 1 × SU(2) 1 × SU(2) 1 has been constructed. By translating the conformal net setting in [Xu09] to the VOA setting (cf. [HKL15, DJX13, Lin17]), we can apply the results in [Xu09] to obtain a holomorphic VOA of central charge 24 with the weight one Lie algebra of the type A 7,4 A 3 1,1 . Remark that the uniqueness result in [LS2] shows that V and the holomorphic VOA studied by [Xu09] are the same, up to isomorphism. Hence we know the L A 7 (4, 0)module structure of Com V (L(g 234 )) from [Xu09] ; Com V (L(g 234 )) containsL A 7 (4, 0), a Z 4graded simple current extension of L(g 1 )( ∼ = L A 7 (4, 0)) (see Section 3.5), as a full subVOA and decomposes as a module ofL A 7 (4, 0) as follows:
where theL A 7 (4, 0)-moduleL A 7 (4, Λ 4 + Λ 5 + Λ 7 ) is described in Lemma 3.5. Recall that L A 1 (1, 0) has exactly 2 inequivalent irreducible modules L A 1 (1, 0) and L A 1 (1, Λ 1 ) and both are simple current modules. Since the conformal weight of L A 1 (1, Λ 1 ) is 1/4, L(g 234 )( ∼ = L A 1 (1, 0) ⊗3 ) is the only irreducible L(g 234 )-module with integral conformal weight. Hence Com V (Com V (L(g 234 ))) = L(g 234 ). For λ i ∈ {0, Λ 1 }, i ∈ {1, 2, 3}, set
Then M(0, 0, 0) = Com V (L(g 234 )) and M(λ 1 , λ 2 , λ 3 ) are irreducible M(0, 0, 0)-modules. As a module of M(0, 0, 0) ⊗ L(g 234 ), the holomorphic VOA V decomposes as (6.9)
By Propositions 5.3 (1) and 5.5 (3), M(λ 1 , λ 2 , λ 3 ) are simple current modules. Hence V is a Z 3 2 -graded simple current extension of M(0, 0, 0) ⊗ L(g 234 ). The explicit description of the L A 7 (4, 0)-module structure of M(λ 1 , λ 2 , λ 3 ) for a specified order of the tensor product L A 1 (1, 0) ⊗3 can be found in [Xu09, Section 3.1.3] as follows:
Lemma 6.27. The VOA M(0, 0, 0) has exactly 8 inequivalent irreducible modules, and as L A 7 (4, 0)-modules, they decompose as:
Lemma 6.28. Any element of I(V ) acts on M(0, 0, 0) as the identity.
Proof. Let g ∈ I(V ). Then g stabilizes L(g 234 ) and so does Com V (L(g 234 )) = M(0, 0, 0). Recall from (6.8) that Com V (L(g 234 )) contains a full subVOAL A 7 (4, 0). Since g acts on each irreducible L A 7 (4, 0)-submodule of Com V (L(g 234 )) as a scalar, it stabilizesL A 7 (4, 0). SinceL A 7 (4, 0) is a simple current extension of L A 7 (4, 0) graded by D ∼ = Z 4 (see Section 3.5), we have g = ξ j ∈ D * onL A 7 (4, 0) for some j, where ξ ∈ Aut (L A 7 (4, 0)) is defined by
on L A 7 (4, 0), ( √ −1) i on L A 7 (4, 4Λ 2i ), (i = 1, 2, 3).
Suppose, for a contradiction, that g = ξ j = id onL A 7 (4, 0). Set f = g if j = 2 and f = g 2 if j = 1, 3. Then f acts trivially on L A 7 (4, 4Λ 4 ) and acts as −1 on both L A 7 (4, 4Λ 2 ) and L A 7 (4, 4Λ 6 ). By (6.8), theL A 7 (4, 0)-module structure of Com V (L(g 234 )) is Com V (L(g 234 )) ∼ =L A 7 (4, 0) ⊕L A 7 (4, Λ 4 + Λ 5 + Λ 7 ), and by Lemma 3.5, the L A 7 (4, 0)-module structure ofL A 7 (4, Λ 4 + Λ 5 + Λ 7 ) is L A 7 (4, Λ 4 + Λ 5 + Λ 7 ) ∼ =L A 7 (4, Λ 4 + Λ 5 + Λ 7 ) ⊕ L A 7 (4, Λ 2 + Λ 3 + Λ 5 + Λ 6 ) ⊕ L A 7 (4, Λ 1 + Λ 3 + Λ 4 ) ⊕ L A 7 (4, Λ 1 + Λ 2 + Λ 6 + Λ 7 ).
Note thatL
A 7 (4, Λ 4 + Λ 5 + Λ 7 ) ∼ =L A 7 (4, 0) ⊠ L A 7 (4,0) L A 7 (4, Λ 4 + Λ 5 + Λ 7 ), 31 and L A 7 (4, Λ 2 + Λ 3 + Λ 5 + Λ 6 ) ∼ = L A 7 (4, 4Λ 2 ) ⊠ L A 7 (4,0) L A 7 (4, Λ 4 + Λ 5 + Λ 7 )
(6.10) By the fusion rules, one can verify that L A 7 (4, Λ 2 + Λ 3 + Λ 5 + Λ 6 ) is self-contragredient as an L A 7 (4, 0)-module and hence f acts on it as ε ∈ {±1}. By (6.10), f acts on L A 7 (4, Λ 1 + Λ 3 + Λ 4 ), L A 7 (4, Λ 1 + Λ 2 + Λ 6 + Λ 7 ) and L A 7 (4, Λ 4 + Λ 5 + Λ 7 ) as −ε, ε and −ε, respectively.
Assume ε = 1. Then
forms a proper subVOA of Com V (L(g 234 )). By Proposition 5.5 (2) and Section 5.3 (cf.
[Xu09, Section 3.1.3]), along with the uniqueness of V , we see that Com V (L(g 234 )) corresponds to an extension of L A 3 (8, 0) isomorphic to L D 10 (1, 0) via the mirror extension of the embedding L A 7 (4, 0) ⊗ L A 3 (8, 0) ⊂ L A 31 (1, 0). In fact, by (5.3) and Table 4 , the subVOA (Com V (L(g 234 ))) f corresponds the proper subVOA X of L D 10 (1, 0). As an L A 3 (8, 0)module, X decomposes as
By Table 4 , we have dim X 1 = 190, and X 1 = L D 10 (1, 0) 1 . Then L D 10 (1, 0) is generated by X, which contradicts that X is a proper subVOA of L D 10 (1, 0). Assume ε = −1. Then
forms a proper subVOA of Com V (L(g 234 )). Let W be the (−1)-eigenspace of f . Then by Proposition 5.3, Com V (L(g 234 )) = (Com V (L(g 234 ))) f ⊕ W is a Z 2 -graded simple current extension. By Lemma 5.4, we have qdim L A 7 (4,0) Com V (L(g 234 )) f = qdim L A 7 (4,0) W . By the similar argument as above,
forms a proper subVOA of L D 10 (1, 0) and
is a module of X. Moreover, X ⊕ Y ∼ = L D 10 (1, 0). By Proposition 5.5 (3) and Table 4 , we have qdim L A 3 (8,0) X = qdim L A 7 (4,0) (Com V (L(g 234 ))) f and qdim L A 3 (8,0) Y = qdim L A 7 (4,0) W . Hence qdim L A 3 (8,0) X = qdim L A 3 (8,0) Y , and Y is a simple current module for X. Since X ⊕ Y is isomorphic to L D 10 (1, 0) as a VOA, we must have Y ⊠ X Y = X; otherwise, the multiplicity of X in Y ⊠ X Y is zero and Y is a proper submodule of X ⊕ Y as an X ⊕ Ymodule, which is not possible as L D 10 (1, 0) is simple. Hence X ⊕ Y is a Z 2 -graded simple current extension and X is the fixed points of the order 2 automorphism associated with the grading. However, the weight one Lie algebra of X has the type A 3 , which cannot be realized as a fixed point Lie subalgebra of type D 10 for any order 2 automorphism (cf.
[He78, Chapter X, Theorem 6.1, TABLE II and pp.513-515]), which is a contradiction. Thus g is the identity on M(0, 0, 0) = Com V (L(g 234 )).
Theorem 6.29. We have I(V ) = σ (0,Λ 1 ,0,0) , σ (0,0,Λ 1 ,0) , σ (0,0,0,Λ 1 ) ∼ = Z 3 2 .
Proof. Let g ∈ I(V ). By Lemma 6.28, g = id on Com V (L(g 234 )). Since V is a simple current extension of Com V (L(g 234 )) ⊗ L A 1 (1, 0) ⊗3 graded by E ∼ = Z 3 2 , we have I(V ) = E * = σ (0,Λ 1 ,0,0) , σ (0,0,Λ 1 ,0) , σ (0,0,0,Λ 1 ) ∼ = Z 3 2 as a subgroup, where Λ 1 is the fundamental weight of A 1,1 .
Let us discuss some automorphisms of V and their conjugacy classes. We now specify the order of the (isomorphic) simple ideals g 2 , g 3 and g 4 so that V decomposes as in Lemma 6.27.
Lemma 6.30. The following two inner automorphisms are conjugate in Aut (V ): σ ((1/2)(Λ 1 +Λ 7 ),Λ 1 ,Λ 1 ,0) , σ ((1/2)(Λ 1 +Λ 7 ),Λ 1 ,0,Λ 1 ) .
Proof. In [La11, Section 6.1], along with the uniqueness result for the case A 7,4 A 3 1,1 ([LS2]), V was constructed as a framed VOA. In addition, V has an order 2 automorphism g such that ( V g ) 1 has the structure D 5,8 A 1,2 . By the explicit action of g on V 1 , we know that V g 1 has the structure D 4,8 A 1,2 U(1). In particular, g flips two simple ideals of type A 1,1 .
Clearly, g preserves L(g 234 ) and so does Com V (L(g 234 ))(= M(0, 0, 0)). Note that the g-conjugation of M(Λ 1 , 0, 0) is neither M(0, Λ 1 , 0) nor M(0, 0, Λ 1 ) since the number of irreducible L A 7 (4, 0)-submodules are different (see Lemma 6.27). By Lemma 2.3, g must preserves M(Λ 1 , 0, 0) ⊗ L A 1 (1, Λ 1 ) ⊗ L A 1 (1, 0) ⊗2 in (6.9). Hence g(g 2 ) = g 2 , and g(g 3 ) = g 4 . Note that g g 1 has the type D 4 and g g 2 = U(1). By [Ka90, Proposition 8.1], up to conjugation by inner automorphisms of V , we may assume that g preserves the (fixed) Cartan subalgebra H of V 1 and g |g 1 = σ x τ and g |g 2 = σ Λ 1 /2 , where τ ∈ Aut (g 1 ) is the order 2 diagram automorphism on H ∩ g 1 and x ∈ H τ . Thus g gives the desired conjugation since Λ 1 + Λ 7 is fixed by τ in g 1 .
Lemma 6.31. The conjugacy class of an order 2 automorphism g of V is unique if V g 1 is a Lie algebra of type A 6 A 2 1 U(1) 2 and the conformal weight of V (g) is one.
Proof. Letḡ be the restriction of g to V 1 . Since the Lie ranks of V 1 and V g 1 are the same, g is inner and it preserves every simple ideal of V 1 . By the type of V g 1 (cf. [Ka90, Section 8]), the fixed point sets gḡ 1 and gḡ 234 have the type A 6,4 U(1) and A 2 1,1 U(1), respectively. By Lemma 2.10,ḡ is unique up to conjugation by an inner automorphism of V 1 ; we may assume thatḡ = σ u for some
By Theorem 6.29, we have g = σ v on V for some v ∈ u + Z (0, 0, 0, Λ 1 ), (0, 0, Λ 1 , 0), (0, Λ 1 , 0, 0) .
We now recall the Com V (L(g 234 )) ⊗ L(g 234 )-modules structure of V in (6.9) (see also Lemma 6.27). Note that the weight (4Λ, Λ 1 , 0, 0) appears in the module M(Λ 1 , 0, 0) ⊗ L A 1 (1, Λ 1 ) ⊗ L A 1 (1, 0) ⊗2 . If u = (1/2)(Λ 1 , 0, Λ 1 , 0) or u = (1/2)(Λ 1 , 0, 0, Λ 1 ), then we have (u|(4Λ, Λ 1 , 0, 0)) ∈ (1/4)Z. Hence σ v has order 4 on V , which is a contradiction.
Suppose, for a contradiction, that v = ( 1 2 Λ 1 , 1 2 Λ 1 , Λ 1 , Λ 1 ). Then v|v /2 < 1, and by (2.2), the vacuum vector 1 ∈ V (v) ( ∼ = V (g)) has conformal weight less than one, which is a contradiction. Thus we obtain v = ((1/2)Λ 1 , (1/2)Λ 1 , Λ 1 , Λ 1 ), and the conjugacy class of g is unique in Aut (V ).
Remark 6.32. For v = ((1/2)Λ 1 , (1/2)Λ 1 , Λ 1 , Λ 1 ), the automorphism σ v ∈ Aut (V ) has order 2; one can check directly that the inner product (v|Λ) ∈ (1/2)Z for the highest weight Λ of any irreducible L(V 1 )-module with integral conformal weight at least 2.
Lemma 6.33. The conjugacy class of an order 2 automorphism g of V is unique if V g 1 is a Lie algebra of type A 4 A 2 A 2 1 U(1) 2 , the conformal weight of V (g) is one and the type of (Ṽ g ) 1 is not A 7,4 A 3 1,1 .
Proof. Letḡ be the restriction of g to V 1 . Since the Lie ranks of V 1 and V g 1 are the same, g is inner, and it preserves every simple ideal of V 1 . By the type of V g 1 (cf. [Ka90, Section 8]), the fixed point sets gḡ 1 and gḡ 234 have the type A 4 A 2 U(1) and A 2 1 U(1), respectively. By Lemma 2.10, up to conjugation by an inner automorphism of V 1 , we may assume that g = σ u for some u ∈ 1 2 (Λ 3 , Λ 1 , 0, 0), 1 2 (Λ 3 , 0, Λ 1 , 0), 1 2 (Λ 3 , 0, 0, Λ 1 ) .
By Theorem 6.29, g = σ v on V for some v ∈ u + Z (0, 0, 0, Λ 1 ), (0, 0, Λ 1 , 0), (0, Λ 1 , 0, 0) .
By the same argument as in the proof of Lemma 6.31, if u = (1/2)(Λ 3 , 0, Λ 1 , 0) or (1/2)(Λ 3 , 0, 0, Λ 1 ), then the order of g is 4 on V , which is a contradiction. Hence we obtain u = (1/2)(Λ 3 , Λ 1 , 0, 0). Note that σ (1/2)(Λ 3 ,Λ 1 ,0,0) is conjugate to
Suppose, for a contradiction, that v = ( 1 2 Λ 3 , 1 2 Λ 1 , Λ 1 , 0) or ( 1 2 Λ 1 , 1 2 Λ 1 , 0, Λ 1 ). Then v|v /2 = 5/4, and by (2.2), the vacuum vector 1 belongs to (V (v) ) 5/4 , which contradicts that the conformal weight of V (g) is one.
Suppose, for a contradiction, that v = ( 1 2 Λ 3 , 1 2 Λ 1 , 0, 0). Then v|v /2 = 1. By (6.9) and Lemma 6.27, V contains an irreducible L(V 1 )-submodule M with the highest weight λ = (Λ 1 + Λ 5 + Λ 6 , Λ 1 , 0, 0). Note that the conformal weight of M is 2. Then M 2 contains a weight vector x of weight r(λ) = (−Λ 2 −Λ 3 −Λ 7 , −Λ 1 , 0, 0), where r is the product of the longest elements in the Weyl group of V 1 . Now we view x as an element in
). Then this weight and the set {(β, 0, 0, 0) | β ∈ {α 1 , α 2 , α 7 , α 6 , α 5 , α 4 }} form a set of simple roots of type A 7 (with respect to the normalized inner product of V 1 ) in (Ṽ σv ) 1 . Hence (Ṽ σv ) 1 contains a Lie subalgebra of type A 7 . By the dimension formula (Theorem 4.2), we have dim(Ṽ σv ) 1 = 72. Hence (Ṽ σv ) 1 must have the type A 7,4 A 3 1,1 , which contradicts the assumption. Thus v = ( 1 2 Λ 3 , 1 2 Λ 1 , Λ 1 , Λ 1 ), and we obtain this proposition.
Remark 6.34. For v = ( 1 2 Λ 3 , 1 2 Λ 1 , Λ 1 , Λ 1 ), the type of (Ṽ σv ) 1 must be D 5,4 C 3,2 A 2 1,1 . Indeed, one can directly check that (Ṽ σv ) 1 contains a Lie subalgebra of type D 5 by the following way: V contains an irreducible L(V 1 )-submodule M with the highest weight λ ′ = (Λ 3 + Λ 5 , 0, Λ 1 , Λ 1 ) (see Lemma 6.27). By the same argument, (M (v) ) 1 contains a weight vector of weight
Then this weight and the roots {(β, 0, 0, 0) | β ∈ {α 4 , α 5 , α 6 , α 7 }} form a set of simple roots of type D 5 .
Lemma 6.35. The conjugacy class of an order 2 automorphism g of V is unique if V g 1 is a Lie algebra of type A 5 A 4 1 U(1), the conformal weight of V (g) is one and the Lie rank of (Ṽ g ) 1 is 10.
Proof. Letḡ be the restriction of g to V 1 . Since the Lie ranks of V 1 and V g 1 are the same,ḡ is inner and it preserves every simple ideal of V 1 ; the fixed point sets gḡ 1 and gḡ 234 have the types A 5 A 1 U(1) and A 3 1 , respectively. By Lemma 2.10, up to conjugation by By Lemma 2.9, the conformal weight of M (v) is at most 1/2(= 2 − 3 + 3/2), which contradicts that the conformal weight of V (g)( ∼ = V (v) ) is one.
Thus v = (−θ/2, Λ 1 , Λ 1 , 0) or v = (−θ/2, Λ 1 , 0, Λ 1 ). By Lemma 6.30, the associated inner automorphisms are conjugate in Aut (V ). Therefore we obtain this proposition.
Orbifold constructions associated with inner automorphisms
The main purpose of this section is to prove the following theorem:
Theorem 7.1. Let V be a strongly regular holomorphic VOA of central charge 24. Let V 1 and u be described as in one of the rows of Table 8 . Then σ u is an order 2 automorphism of V and satisfies Condition (I) (see Section 4). Moreover, the weight one Lie algebra of (Ṽ σu ) has the type given on the same row. 7.1. General method. Let V be a VOA and u ∈ V 1 satisfying the assumptions of Theorem 7.1. One can easily determine u|u and the type of V σu 1 , which are described in Table 8 .
Let L(V 1 ) be the subVOA generated by V 1 . When the type of V 1 is C 4,10 , D 7,3 A 3,1 G 2,1 , A 5,6 C 2,3 A 1,2 , C 7,2 A 3,1 , D 5,4 C 3,2 A 2 1,1 or E 6,4 C 2,1 A 2,1 , then L(V 1 ) has 46, 23, 266, 11, 71 or 29 inequivalent irreducible modules with integral conformal weight at least 2, respectively; for the tables of their highest weights, see Appendix A. Note that the table for the case A 5,6 C 2,3 A 1,2 is omitted because of the large number of such modules. These tables also archive the inner product of the highest weight and u and the conformal weight of the σ u -twisted module.
Let M be an irreducible L(V 1 )-submodule M of V . Let λ be the highest weight of M. Then the conformal weight of M is at least two or 0. Note that the conformal weight of M is 0 if and only if M = L(V 1 ). By the tables in Appendix A, we have (u|λ) ∈ (1/2)Z, and σ 2 u = id on M. Clearly, σ u is not identity. Hence the order of σ u is 2 on V . In addition, by the tables in Appendix A, we know that the conformal weight of M (u) is at least one; note that the conformal weight of L(V 1 ) (u) is equal to u|u /2, which is at least one by Table 8 . Thus the conformal weight of V (u) is also at least one. Now, we apply the Z 2 -orbifold construction to V and σ u , and obtain a strongly regular holomorphic VOAṼ σu of central charge 24. The dimension of (Ṽ σu ) 1 is determined by the dimension formula in Theorem 4.2 and the information given in Table 8 . The remaining task is to identify the Lie algebra structure of (Ṽ σu ) 1 . Note that there are few possibilities for them by Schellekens' list. In addition, (Ṽ σu ) 1 has a Lie subalgebra V σu 1 as the fixed point subspace of an order 2 automorphism of (Ṽ σu ) 1 .
If the type of V 1 is C 4,10 , A 5,6 C 2,3 A 1,2 , C 7,2 A 3,1 or E 6,4 C 2,1 A 2,1 , then the Lie algebra structure of (Ṽ σu ) 1 is uniquely determined by the dimension and the Lie subalgebra structure. If the type of V 1 is D 7,3 A 3,1 G 2,1 (resp. D 5,4 C 3,2 A 2 1,1 ), then that of (Ṽ σu ) 1 is E 6,3 G 3 2,1 or D 7,3 A 3,1 G 2,1 (resp. A 7,4 A 3 1,1 or D 5,4 C 3,2 A 2 1,1 ); we will determine the type of V 1 in the subsections below. 7.2. Case D 7,3 A 3,1 G 2,1 . Assume that V 1 has the type D 7,3 A 3,1 G 2,1 . Let g 1 , g 2 , g 3 be the simple ideals of V 1 of type D 7 , A 3 , G 2 . respectively. Set g 23 = g 2 ⊕ g 3 . The subVOA Com V (L(g 23 )) of V contains L(g 1 )( ∼ = L D 7 (3, 0)) as a full subVOA. Since L D 7 (3, 0) and L D 7 (3, Λ 1 +Λ 5 ) are the only irreducible L D 7 (3, 0)-modules with integral conformal weights up to isomorphism (see Table 12 in Appendix A), we have Com V (L(g 23 )) ∼ = L D 7 (3, 0) ⊕ mL D 7 (3, Λ 1 + Λ 5 ) as L D 7 (3, 0)-modules, where m is the multiplicity.
Lemma 7.2. The multiplicity m is not zero.
Proof. Since L(g 23 )( ∼ = L A 3 (1, 0) ⊗ L G 2 (1, 0)) is the only irreducible module for itself with integral conformal weight (cf . Table 12 ), we have L(g 23 ) = Com V (Com V (L(g 23 ))). By Proposition 5.5 (1) and (4), the numbers of inequivalent irreducible modules for Com V (L(g 23 )) and L(g 23 ) are the same. Since the VOA L D 7 (3, 0) has 36 irreducible modules and L A 3 (1, 0) ⊗ L G 2 (1, 0) has 8 irreducible modules, the multiplicity m must be non-zero.
By the lemma above, V contains an irreducible L(V 1 )-submodule with the highest weight (Λ 1 + Λ 5 , 0, 0). Note that its conformal weight is 2 (see Table 12 ). Hence V 2 contains a weight vector x of weight (−Λ 1 −Λ 5 , 0, 0). By Lemma 2.8 and (2.2), x ∈ (V (u) ) 1 and its weight is (−Λ 1 − Λ 5 , 0, 0) + ( 3 2 Λ 5 , 1 2 Λ 2 , 0) = ( 1 2 Λ 5 − Λ 1 , 1 2 Λ 2 , 0).
Since V 1 and (Ṽ σu ) 1 share a Cartan subalgebra, {(α 1 , 0, 0), . . . , (α 4 , 0, 0), (−θ, 0, 0), ( 1 2 Λ 5 − Λ 1 , 1 2 Λ 2 , 0)} is a set of weights of (Ṽ σu ) 1 and it generates a root system of type E 6 (with respect to a normalized Killing form on (Ṽ σu ) 1 ), where θ is the highest root of D 7 . We have discussed in Section 7.1 that the type of (Ṽ σu ) 1 is E 6,3 G 3 2,1 or D 7,3 A 3,1 G 2,1 . Hence, it must be E 6,3 G 3 2,1 .
7.3. Case D 5,4 C 3,2 A 2 1,1 . Assume that V 1 has the type D 5,4 C 3,2 A 2 1,1 . By u|u = 2, the conformal weight of L(V 1 ) (u) is one and (L(V 1 ) (u) ) 1 is spanned by the vacuum vector ([LS16a, Lemma 3.4]). Let M be an irreducible L(V 1 )-submodule of V such that the conformal weight of M is an integer at least two and the associated σ u -twisted module has conformal weight 1; note that such a submodule exists by dim(V (u) 1 ) = 32. Let Λ be the highest weight of M. By Table 14 in Appendix A, Λ is one of the 7 weights listed in Table 9 . By Lemma 2.8, (M (u) ) 1 contains a weight vector of weight rΛ + (2Λ 5 , Λ 3 , 0, 0), where r is the product of the longest element of the Weyl group of each simple ideal; the weights rΛ + (2Λ 5 , Λ 3 , 0, 0) are also summarized in Table 9 . Table 9 : Candidates for L(V 1 )-submodules Highest weight Λ rΛ + (2Λ 5 , Λ 3 , 0, 0) Submodule of V ?
(4Λ 4 , 2Λ 3 , 0, 0) (−2Λ 5 , −Λ 3 , 0, 0) (4Λ 4 , Λ 2 , 0, 0) (−2Λ 5 , −Λ 2 + Λ 3 , 0, 0) No (Λ 1 + 2Λ 5 , 0, Λ 1 , Λ 1 ) (−Λ 1 − 2Λ 4 + 2Λ 5 , Λ 3 , −Λ 1 , −Λ 1 ) No (Λ 1 + 2Λ 4 , 2Λ 3 , 0, 0) (−Λ 1 , −Λ 3 , 0, 0) No (Λ 1 + 2Λ 4 , Λ 2 , 0, 0) (−Λ 1 , −Λ 2 + Λ 3 , 0, 0) (Λ 4 + Λ 5 , Λ 1 + Λ 3 , 0, 0) (−Λ 4 + Λ 5 , −Λ 1 , 0, 0) (3Λ 4 + Λ 5 , Λ 3 , 0, 0) (−Λ 4 − Λ 5 , 0, 0, 0) No Lemma 7.3. The highest weight of M is neither (4Λ 4 , Λ 2 , 0, 0), (Λ 1 + 2Λ 5 , 0, Λ 1 , Λ 1 ), (Λ 1 + 2Λ 4 , 2Λ 3 , 0, 0) nor (3Λ 4 + Λ 5 , Λ 3 , 0, 0).
Proof. Let g 1 , g 2 , g 3 , g 4 be simple ideals of V 1 of type D 5,4 , C 3,2 , A 1,1 and A 1,1 , respectively. By the compatibility of levels and inner products in V 1 (see Proposition 2.4), we modify the inner product on V 1 so that ((x 1 , x 2 , x 3 , x 4 )|(y 1 , y 2 , y 3 , y 4 )) = (x 1 |y 1 ) |g 1 + 2(x 2 |y 2 ) |g 2 + 4(x 3 |y 3 ) g 3 + 4(x 4 |y 4 ) g 4 .
Note that the scalars 2, 4, 4 are ratios of levels of g 1 and g 2 , g 3 , g 4 , respectively. Let µ = rΛ + (2Λ 5 , Λ 3 , 0, 0) in Table 9 . Since (Ṽ σu ) 1 is a semisimple Lie algebra, for any weights α, β of (Ṽ σu ) 1 , we obtain 2(α|β)/(α|α) ∈ Z. However, we obtain a contradiction by 2((0, α 2 , 0, 0)|µ) (µ|µ) = − 1 3 if µ = (−2Λ 5 , −Λ 2 + Λ 3 , 0, 0), 2((0, 0, 0, α 1 ), µ) (µ|µ) = − 1 6 if µ = (−Λ 1 − 2Λ 4 + 2Λ 5 , Λ 3 , −Λ 1 , −Λ 1 ), 2((α 1 , 0, 0, 0)|µ) (µ|µ) = − 1 2 if µ = (−Λ 1 , −Λ 3 , 0, 0), 2((α 4 , 0, 0, 0)|µ) (µ|µ) = − 1 2 if µ = (−Λ 4 − Λ 5 , 0, 0, 0).
Let us consider the remaining cases. If the highest weight of M is (4Λ 4 , 2Λ 3 , 0), then (V (u) ) 1 contains a vector of weight −(2Λ 5 , Λ 3 , 0). Note that −(2Λ 5 , Λ 3 , 0) is orthogonal to the root systems associated with the Lie subalgebra A 4,4 A 2,4 A 2 1,1 of V σu 1 and it generates a root system of type A 1 . Since the root system D 5 C 3 A 2 1 does not contain A 4 A 2 A 3 1 as a root subsystem, (Ṽ σu ) 1 has the type A 7,4 A 3 1,1 . If the highest weight of M is (Λ 4 + Λ 5 , Λ 1 + Λ 3 , 0, 0) (resp. (Λ 1 + 2Λ 4 , Λ 2 , 0, 0)), then (V (u) ) 1 contains a vector of weight (Λ 5 − Λ 4 , −Λ 1 , 0, 0) (resp. (−Λ 1 , −Λ 2 + Λ 3 , 0, 0)). Then this weight and the set {(α 1 , 0, 0, 0), (α 2 , 0, 0, 0), (α 3 , 0, 0, 0), (α 4 , 0, 0, 0), (0, α 1 , 0, 0), (0, α 2 , 0, 0)} form a root system of type A 7 . Since D 5 C 3 A 2 1 does not contain A 7 as a root subsystem, (Ṽ σu ) 1 must be of type A 7,4 A 3 1,1 . Thus, the type of (Ṽ σu ) 1 is A 7,4 A 3 1,1 . Combining the results in Sections 7.1, 7.2 and 7.3, we obtain Theorem 7.1.
Main theorem
Theorem 8.1. Up to isomorphism, there exists a unique strongly regular holomorphic VOA of central charge 24 if its weight one Lie algebra has the type C 4,10 , D 7,3 A 3,1 G 2,1 , A 5,6 C 2,3 A 1,2 , A 3,1 C 7,2 , D 5,4 C 3,2 A 2 1,1 , or E 6,4 C 2,1 A 2,1 .
Proof. Let g be a semisimple Lie algebra in Table 10 . Let p be a Lie subalgebra of g whose type is given in the same row of Table 10 . Let W be a strongly regular holomorphic VOA of central charge 24 such that W 1 has the type given in the same row of Table 10 . Applying Theorem 4.3 to our setting on g, p and W , we obtain this theorem; indeed, by taking σ = σ u , where u is as in Table 8 , the assumptions (a) and (b) hold by Theorem 7.1, Table  8 and the uniqueness of W ; the assumptions (A) and (B) hold by using the corresponding lemma listed in Table 10 (see also Theorem 6.7 and Table 5 ). Note that all assumptions in the lemmas follow from the fact (W ϕ ) 1 ∼ = g, where ϕ is the order 2 automorphism associated with the grading of the simple current extension W of V σ . (0, 0, 0, 10) 10 10 5 (0, 0, 2, 3) 3 5 3
(2, 0, 0, 5) 4 6 3 (0, 0, 2, 4) 4 6 3
(2, 0, 0, 4) 3 5 3 (0, 0, 4, 0) 2 4 3 (4, 0, 0, 6) 6 8 3 (0, 0, 4, 4) 6 8 3
(4, 0, 0, 2) 2 4 3 (0, 0, 6, 3) 7 9 3 (6, 0, 0, 1) 2 4 3 (0, 0, 10, 0) 8 10 3
(10, 0, 0, 0) 3 5 3 (0, 2, 6, 0) 5 8 2 (6, 2, 0, 2) 4 7 2 (0, 3, 0, 7) 8 10 3 (0, 3, 2, 1) 3 6 2 (2, 3, 0, 4) 5 8 2 (0, 3, 2, 3) 5 8 2 (2, 3, 0, 2) 3 6 2 (0, 3, 6, 1) 7 9 3 (6, 3, 0, 0) 3 6 2 (0, 5, 0, 0) 2 5 2 (0, 5, 0, 5) 7 10 2 (0, 7, 2, 0) 5 9 1 (2, 7, 0, 1) 5 9 1 (0, 8, 0, 0) 4 8 1 (0, 8, 0, 2) 6 10 1
(1, 0, 3, 6) 8 19/2 5/2 (1, 0, 5, 1) 4 13/2 5/2 (5, 0, 1, 3) 4 13/2 5/2 (1, 2, 1, 1) 2 9/2 5/2
(1, 2, 1, 5) 6 17/2 5/2 (1, 4, 3, 0) 4 15/2 3/2 (3, 4, 1, 2) 5 17/2 3/2 (1, 4, 3, 1) 5 17/2 3/2 (3, 4, 1, 1) 4 15/2 3/2 (1, 4, 5, 0) 6 19/2 3/2 (5, 4, 1, 0) 4 15/2 3/2 (2, 2, 2, 2) 4 7/2 3/2 Table 13 : Irreducible modules with conformal weights in Z ≥2 for C 7,2 A 3,1
Highest weight Conformal wt (u|Λ) Conformal wt of the σu-twisted module ((0, 0, 0, 0, 0, 0, 2), (0, 1, 0)) 4 4 1 ((0, 0, 0, 0, 0, 1, 0), (0, 1, 0)) 2 2 1 ((1, 0, 0, 0, 0, 0, 1), (0, 0, 0)) 2 2 1 ((0, 0, 0, 0, 2, 0, 0), (0, 0, 0)) 3 5/2 3/2 ((0, 2, 0, 0, 0, 0, 0), (0, 1, 0)) 2 3/2 3/2 ((0, 0, 1, 0, 0, 1, 0), (0, 0, 1)) 3 5/2 3/2 ((0, 0, 1, 0, 0, 1, 0), (1, 0, 0)) 3 5/2 3/2 ((1, 0, 0, 1, 0, 0, 0), (0, 0, 1)) 2 3/2 3/2 ((1, 0, 0, 1, 0, 0, 0), (1, 0, 0)) 2 3/2 3/2 ((0, 0, 1, 0, 1, 0, 0), (0, 1, 0)) 3 5/2 3/2 ((0, 1, 0, 1, 0, 0, 0), (0, 0, 0)) 2 3/2 3/2 ((4, 0, 0, 0, 0), (0, 0, 0), 0, 0) 2 1 2 ((0, 0, 0, 4, 0), (0, 0, 0), 1, 1) 3 3/2 3/2 ((0, 0, 0, 0, 4), (0, 0, 0), 1, 1) 3 5/2 5/2 ((0, 0, 0, 4, 0), (0, 0, 2), 0, 0) 4 3 1 ((0, 0, 0, 0, 4), (0, 0, 2), 0, 0) 4 4 2 ((0, 0, 0, 0, 0), (0, 0, 2), 1, 1) 2 3/2 3/2 ((4, 0, 0, 0, 0), (0, 0, 2), 1, 1) 4 5/2 5/2
